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Abstract:This research paper is inspired from an interesting
result relating to fixed point theory of complete metric space.
The fixed point theorem by Suzuki characterizes the metric
completeness of the underlying space. Suzuki in his further
work along with Kikkawa also proved a Kannan version of the
same theorem. In this research paper we have proved another
Kannan version of the Suzuki theorem.
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I. INTRODUCTION

Banach Contraction Principle [1] is very useful because it is a
strong tool in nonlinear analysis. It has various generalizations
[2 - 14].But Banach theorem does not characterize the metric
completeness. Connell [15] gave an example of a metric space
X such that X is not complete and every contraction on X has
a fixed point. In this context Kannanfixed point theorem [16]
is very important because Subrahmanyam [17] proved that
Kannan theorem characterizes the metric completeness of
underlying spaces. Tomonari Suzuki [18] also introduced a
new type of mapping. This mapping not only generalizes
theBanach  Contraction Mapping Principle but also
characterizes the completeness of the underlying metric space.
M. Kikkawa and T. Suzuki [19] presented Kannan version of
Suzuki theorem. In this paper we state and prove a fixed point
theorem that uses Suzuki mapping and Kannan type of

contraction.

1. PRELIMINARIES AND DEFINITIONS

Definition 2.1:Let(X,d)be a metric space and let T be a

mapping on X . ThenT is called a “Contraction” if there

exists r €[0,1) such that

d(Tx,Ty)<rd(x,y)¥x,y € X

Definition 2.2: Let (X,d)be a metric space and let T be a

mapping on X . Then T is called “Kannan” if there exists
o €[0,1/2) such that

d(Tx,Ty) <ad(X,TX) +ad(y,Ty) VX,y € X .

The following famous theorem is referred to as the Banach
contraction principle.

Theorem 2.1 (Banach) [1]: Let(X,d)be a complete metric
space and letT be a contraction on X . ThenT has a unique
fixed point.

Theorem 2.2 (Suzuki) [18]: Define a non-increasing function
ffrom[0,1) to (1/2,1] by

1, |f0§rs£_1,
2
o =111, if ‘/g‘l_rgi,
r 2 2
1 if L <r<1
1+r 2

Then for a metric space (X, d), the following are equivalent:
(1) X is complete.

(2) Every mapping T on X satisfying the following has a fixed
point: there exists r < [0,1) such that

O(rd(x,Tx) <d(x,y) Implies d (Tx, Ty) < rd(x, y) for all

X, yeX.

Theorem 2.3(Kikkawa and Suzuki) [19]: LetT be a mapping
on complete metric space (X,d)andfbe a non-increasing

function from [0,1) onto (1/ 2,1] defined by

1, ifogrs\/g_l,
2
o =121, if ‘/g‘l_rgi,
r 2 2
1 if L <r<1
1+r 2
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Suppose that there exists r € [0,1) such that
a(r)d(x,Tx) <d(x,y) Implies

d(Tx, Ty) <rmax d(x,Tx),d(y,Ty) forall
X, yeX.

Then T has a unique fixed point zand limT"x =z holds for

n—oe
everyxe X .
The following is aKannan version of the Suzuki Theorem.
Theorem 2.4(Kikkawa and Suzuki) [19]:LetT be a mapping

on complete metric space (X,d)and&be a non-increasing

function from[0,1) into (1/2,1] defined by

. 1
1, if0<r<—,
o(r) = V2
L f—<r<1
1+r’ N
Letow e[0,1/2)and r = —2— [0,1) .
1-a

Suppose that O(r)d (x, Tx) < d(x, y) implies
d(Tx, Ty) < ad (X, TX) + xd (y, Ty) for all x,y € X Then T has

a unique fixed point z and limT"x = z holds for every xe X .

Main Result
The generalization of theorem 2.4 is as follows.

Theorem 3.1:Let(X,d)be a metric space and let T be a
mapping on X . Let x e X satisfy
d(Tx,T?x) < rd(x,Tx) for some r<[0,1).

Then for ye X eitherlid(x,Tx) <d(x,y) or
+r

id(Tx,sz) < d(Tx, y) holds.
1+r

Proof: We assume %d(x,Tx) >d(x,y) and
+r

L amx T > d(Txy).
1+r
Then we have

d x,Tx <d(x,y)+d(y,Tx)

<L A TX) +d(TXT20)]
1+r

<L TR+ rd(xTX)]
1+r

=L @+r)d T = d(x,TY)
1+r

This is a contraction.

23 +x% +x
1+x

Lemma 3.1:The functions f (x) = and

3

2X° +X
99 ="
+X

are monotonically increasing in the interval

[0,0). Also f(x)<l1l if 0<x< \/32_1 and g(x) <1if
J5-1
< X< —. This has been illustrated in figure 3.1.
2 J’
l. ‘@_’,nwwxuut.‘ N /
i , : g ‘ J_(; 8284271248 |
f(x) = :‘ L ) _‘,///‘v
X |/
/-’/ Ln)-:‘
b A
,__/

Figure 3.1:Graphs of the functions f (x) and g(x) in the
interval [0, 1].
We generalize the theorem 2.4 by using functioné in the
interval [0,1) onto (1/2,1] as follows.
Theorem 3.2:Let(X,d) be a complete metric space and letT

be a mapping on X . Define a non-increasingfunction ¢ from
[0,1) into (1/2,1] by

1, |f0§rsJ§2_1,
o =111, if ‘/g‘lsrgi,
r 2 2
1
— |f—sr<1
1 NA
24
Letex e[0,1/2)andr = 1 €[0,1).
-

Assumethat O(r)d (x,Tx) <d(x,y) implies

d(Tx, Ty) < ad (X, TX) +ad(y,Ty) forall x,y € X .

ThenT has a unique fixed pointz and !Lﬂ;TnX: zholds for
everyxe X .

Proof:We have

oNd(x,Tx) <d(x,Tx),¥xe X Qo(r)<1).

By hypothesis we have
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d(Tx, T°x) < aed (X, TX) +ad (TX, T *x)
S d(Tx,T2x) < =2 d(x,TX)

l-«
S d(Tx,T2X) < rd(x,TX), VX € X.

In general

d(T"x, T"x) < r"d(x, TX) ¥x € X @

We now fix an elementu € X and define a sequence u, ::1 in

Xbyu,=T"u.

Then from (1) we have,

d(u,,u,,,)=d(T"u,T""u) <r"d(u,Tu).

Taking limitasn — oo, since r <1, we getd(u,,u,,,) —0as
n—o.

Thus u, isa Cauchy sequence in X .

Since X is a complete metric space, u_ converges to some

pointz e X .
We next show

d(Tx,z) <rd(x,z),vxe X\ z 2

Foranyxe X\ z , we have

d(un,z)SW,Vnzvforsomeveﬁé .

Then we must have
é(r)yd(u,,Tu,)<d(u,,Tu,)=d(u,,u,.,)
<d(u,,z)+d(u,,,,z)
< d(x,2) N d(x,2)
3 3

:éd(x,z):d(x,z)—

,Ynzv

d(x,z)
3

<d(x,z)-d(u,,z)<d(u,,X)
Thus &(r)d(u,,Tu,) <d(u,,X) .
By hypothesis we then get
d(Tu,,TX) <ead(u,,Tu,) +ad(x,Tx), forn=v (©)]
Taking n tendto oo we get

d(z,TxX) <eod(z,2) + ad (X, TX) = ad (X, TX)
Sd(z,TX) Lad (X, TX) <o d(x,2) +d(Tx,z) (Triangleinequality)

Thus
d(Tx,z) £ ad(x,2) +od(Tx, 2)
S (@=e)d(Tx, 2) < ad(X,2)

S dTx2) <2 d(x2)
l-o

~d(Tx,2) <rd(x,2)

Thus we have shown(2).
Next, we shall show that there exists a j € ¥ such thatT/z =z

This we show by contradiction method. We assume that

Tizzzfor allje¥ AsTlzzz,Vje¥we can  use
inequality(2).
Using inequality (2)we get,
d(T?z,z)=d(T 0Tz,2) <rd(Tz,2) (4)
d(T%z,2) =d(T 0T ?z,2) <rd(T?z,2)
<r’d(Tz,2) 5)
d(T*z,2)=d(T oT%z,2) <rd(T°z,2)
<r’d(Tz,z)
Thus in general
d(T’"z,z) <r'd(Tz,z) forany j e ¥ (6)
We also observe that forany xe X\ z ,
d(Tx,z) = Iinld(l'x,un+1)
=limd(Tx,Tu,)
<lim ad(u,,Tu,)+ad(x,Tx)  (by(3))
=ad(x,TX)
Thus
d(z,TxX) < ad(x,Tx) ©)
Therefore
d(T'™,2)=d(ToT'z,2)
<ad(T'2,T"2) (by (7))
<ar'd(z,Tz) (by (1)) (8)
Now we consider the following three cases.
Case1.0<r< \/§T—1
In this case we observe that
2
r< \/g_lzrz < _J§—1
2 2
Therefore
2
r2+r£[J§2_lJ +\/52—1:5—2\/§+z+2J§—2 L

Thusr? +r <1.
Assume d(T?z,z) <d(T?z,T%2).

Then we have
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d(z,Tz)<d(z,T?z)+d(Tz,T?z) (bytriangleinequality)
<d(T?%z,T3z) +rd(z,Tz) (by above assumptionand (1))

<r’d(z,Tz)+rd(z,Tz) (by (D)

=(r?+r)d(z,Tz)

<d(z,Tz) Qr?+r<i)
Thus d(z,Tz) <d(z,Tz) .This is a contradiction.

So we have

d(T?z,2) 2d(T?z,T%2) =0(r)d(T?2,T?2)
@ 9(r) =linthiscase)

By hypothesis
d(T%z,Tz) < d(T?2,T%2) +d(z,T2)

Now consider

d(z,Tz)<d(z,T%2) +d(T32,Tz) (Triangleinequality)
<r’d(z,Tz) +ad(T°2,732) + d(z,Tz) (by(6)and (9))

<r’d(z,Tz) +ar®d(z,T2) +«d(z,Tz)  (by (D)
=(r’+ar’+a)d(z,Tz)

= {rz +{$} r +Lir}}d(z,Tz) (Q r= ﬁ S«

, rt r
=<r° 4 +——1d(z,T2)
1+r 1+r

P4+t 4r

d(z,Tz
1+r ( )
3 2
=Md(z,Tz)<d(z,Tz)
1+r

3, 2 _
[deimgrdi

1+r

(Seelemma3.1)

Thus d(z,Tz) <d(z,Tz) . This is a contradiction.

V51 Pt
2 2

Assume  thatd(T?z,z) <0(r)d(T?z,T%z).Then

Case 2.

IN

d(z,Tz) <d(z,T?z) +d(Tz,T?2) (bytriangleinequallity)
<0(r)d(T?z,T%2) +d(Tz,T?z) (byaboveassumption)

<6(r)r’d(z,Tz) +rd(z,Tz) (by (D)
=[o(r)r* +r]d(z,Tz)

- Fr‘zr r? +r}d(z,Tz) [Q o(r) =
=d(z,Tz)

1-—
r

2

Thusd(z,Tz) <d(z,Tz). This is a contradiction.

o(Nd(T%z,T°2) <d(T?z,2).
Then by hypothesis we get

d(T%z,Tz) < d(T?2,T%2) +d(z,T2)
Now consider

r. ...
inthis casej

d(z,Tz)<d(z,T%2) +d(Tz,T%2) (bytriangleinequality)
<ar?d(Tz,2) +ad(T%2,T%) +«d(z,72) (by(8)and (10))
<ar’d(Tz,2) +ar’d(z,Tz) +ad(z,Tz)  (by(D)
=[2ar? + «]d(z,Tz)
= (Zer +Ljd(z,Tz)
1+r 1+r
2r® +r

:[]d(z,Tz)<d(z,Tz)
1+r
[Q 2’ +r J5-1 1 J

< 1if <r<—
1+r 2 V2

(Seelemma3.1)

Thus d(z,Tz) <d(z,Tz) . This is a contradiction.

Case3.isr<1

2
We note that from theorem 3.1 for any x, y € X either
O(r)d(x, Tx) < d(x, y) or
o(Nd(Tx, T2x) <d(Tx, y).
In particular putting x =u,,and y =z we get,
O(r)d Uz, Upy,; ) < d(Uy,, 2) OF O(r)d (Uzn, 1, Upy,2) < d(Ugy, 2)
holds for everyne ¥ .
By hypothesis we get
d(Tu,,,Tz) <ad(u,,,Tu,,)+«ad(z,Tz) or
d(Tu,,,,, Tz) <ad(U,,,,, TU,, ;) +cd(z,Tz) .
That is
d(u,,.,,Tz) <ad(u,,,u,, ,)+ad(z,Tz) or
d(U,,.,, T2) < ad(U,,,,,U,,,,) +«d(z,Tz)
holds for everyne ¥ .
Taking limit asn—ooand using the fact thatu, —zas
n — oo we get

d(z,Tz) < «d(z,Tz)
~d(z,T2)=0 Qaell/2)
Tz=z Qd(x,y)=0=x=Y)

This is a contradiction. Therefore in all the casesda je¥
suchthatTiz=z. Since T"z is a Cauchy sequence, we have

Tz=1z.

Thus z is fixed point of T .

Uniqueness: Let z' be another fixed point of T. ThusTz' =z’
From (2) we get

d(z',z)=d(TZ',2) <rd(z’,2)

Thusd(z',z) <rd(z’,2) .
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Therefore d(z’,z)=0 @Qre[0,1))andsoz’=z. Hence the

fixed point of T is unique.
Example 3.1:
Define a complete metric space X by X ={-1,0,1}and a

mapping T on X by Tx=0,Vx e X .Letd(r)be the mapping

defined in above theorem. ThenT satisfy the conditions in
above theorem.Thatis

A(r)d(x,Tx) <d(x,y) =

d(Tx, Ty) < ad (X, TX) +ad(y,Ty) VX, y € X and « €[0,1/ 2)

x = 0is the unique fixed point of T .

I11. CONCLUSION
In this research paper we have used the non-increasing

mapping @(r) defined by Suzuki and imposed the Kannan

type condition on it to obtain a fixed point theorem.
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